> Calculus for AP Physics C
Part 1 - Derivatives

Michaelsen
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#If we wanted to know how fast you, or
an object were moving at this very
instant, how could we do it?




What is?

N

# Arithmetic is about manipulating
numbers (addition, multiplication, etc.).

# Algebra finds patterns between
numbers:

= a2 + b2 = c2 is a famous relationship,
describing the sides of a right triangle.
Algebra finds entire sets of numbers — if
you know a and b, you can find c.




What is?

N

# Calculus finds patterns between
equations:

= YOU can see how one equation

(circumference = 2 * pi * r) relates to a
similar one (area = pi * r2).




Welcome to

Llanfairpwligwyngyligogerychwyrndrobwllllantysiliogogogoch

N
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@ Llanfairpwllgwyngyllgogerychwyrndrobwillllantysiliogogogoch

means; "St. Mary's Church in the hollow of white hazel near a
rapid whirlpool and the Church of St. Tysilio near the red cave."
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Calculus for Physics

# Derivatives # Integrals
= Slopes of graphs = Area under a graph
(functions) = Area under the

“curve”




Review:

N

#SLOPE: of a line, of a curve

= [ells you the rate of change
= Motion graphs




Review:

N

# Area:

= area under the curve”
= Motion graphs




How do you find the slope of a curve?

N

L/

#Can't use rise/run.
= (only for lines ! )




N

o Slope of a curve:

— Do NOT use rise/run for a curve...it is for lines

only!




N
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@Slope of a curve:

BChoose a point on the curve.

BDraw a tangent line.

BDetermine the slope of the tangent line.

BThat is the slope of the graph at that point. At a different

point, the slope will be different.

BThis is tedious...calculators, computers can make this easier!
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__________________________

Slope at
this point
on curve

__________________________

- Slope at
 this point
~ oncurve |




Y, =)
X, =X
_ f(xz)_f('xl)
X, =X,
J(x,)=f(x)
Ax

_Sx+A)-f(x) -

m =

m

m =

m



http://101studiostreet.com/wordpress/wp-content/uploads/2010/02/Picture-11.png
http://101studiostreet.com/wordpress/wp-content/uploads/2010/02/Picture-13.png

Slope at a point ("A") on a curve:

N

#Hold "A” in place, point "B"” can be
moved towards “A”.

#Move “"B” closer to "A”.

#The slope of the line will approach the
slope of the tangent at "A”.




\V




Y, =)
X, =X
_ f(xz)_f(xl)
X, =X
f)-fx)
Ax
J(x+Ax)- f(x)
Ax

m =

m

m

nm =



http://101studiostreet.com/wordpress/wp-content/uploads/2010/02/Picture-11.png
http://101studiostreet.com/wordpress/wp-content/uploads/2010/02/Picture-13.png

N

m(0) = lim

f(x+Ax) - f(x)

Ax



http://101studiostreet.com/wordpress/wp-content/uploads/2010/02/Picture-15.png
http://101studiostreet.com/wordpress/wp-content/uploads/2010/02/Picture-13.png
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Slpe = &%ﬂ)
' X (teat) = x (s)

At
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We begin our discussion of limits with an example. We are going to
work with the pquation y = f(x) = x* as shown in the graph. P is the point
m the curve corresponding to x = 3, y = 9,
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e

95

9.0

T T 1 T

BOL . o o o L u
239 30 AT
Interval Corresponding
of x interval of y
1-5 1-25
2-4 4-16
2.5-3.5 6.25-12.25
2.9-3.1 8.41-9.61
2.95-3.05 8.70-9.30
2.99-3.01 8.94-9.06
2.999-3.001 8.994-9.006
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LIMIT OF A FUNCTION
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@ http://surendranath.tripod.com/Applets.
html

s Good applet on instantaneous speed.

#\ideo: Mechanical Universe —
Derivatives

http://learner.org/resources/series42.htmil



http://surendranath.tripod.com/Applets.html
http://surendranath.tripod.com/Applets.html
http://learner.org/resources/series42.html
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Slope of +un =

. lim X(8)= X(a)
. 'At-’vﬂ J_)AT.{.A.

- xg-u ) S
2 At"'ﬁ Ot 7:0
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s tant oo risefun at one peint !
s i At —> undekined but —




Derivative = rate 0‘- Manae of
OFi gire| funthon Wit respect
to one of its Variables.
® fote of “‘"p‘ of ‘X' with

\ AX
Nspect fo ‘b7 AX
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Nota ot

d :
-d-‘:- - o X (ﬁ;)

dx/dt indicates derivative like Ax/ At, but
it's continuously changing
(d = differential = very small change )




Ex A

fle)= 36 +2

what is the cate of ““"‘Q‘ ok
(&) wWith fime ?




Raie of chanye = denvanve

4
.ghﬂzl- s T £(trae) - £(s)

at
Sdbshituic in t ot inke 4(8)...

2 kimapae ISS'&#MZ-!-::} [3¢+2]

Rate of dﬂ.o.nac, = 3% = Skpe.




EX 2:

x(&) = " A Lk: ""/s‘) o

Whet is rate of ?ﬁun‘)c of funchom
W fepet to € 7

*not Sitady fatt of change !/

i,
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.%.;LLQ, "mAt*ﬂ X (£+as) - x(+)

ot
Substituie & .46 AW X(,ﬁ)'
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i ppe  3EE(06) + 3¢ (at) + (at)’

ot

\'m ae Fo 3t + 3t (as) + (at)°
QS &% 9O | Hems dp out ...




Q_ZS&)_. 3-'.“‘ -0of=- lX'(t)-‘ 3*“!
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There’s a pattern...

‘X" kt ™hen g_:: nk-t""’

X(th{’ -g{ : 3¢°




Trgi
x(e)= St & -
vy = 3t* X
X (£)= Je % s




Rules of Derivatives

N

* Deriv. of a tongtant = &
= dy _ .
Y= $§ ;—} s < NOCMV!

o Deriv. of "' = 1

x(t)= ¢ %%: M 3




Rules of Derivatives

¢ Derv. of “t* to a pouxr
= power x Yt' to “one ken” pourr

ya4* By
dt




Higher Order Derivatives

N

= toke the durivahve of a denvahie!
= the Cate of Chunge of Hhe rak of

Change ! S




“Higher Order Derivatives

EX' x(s)~ S5+°
%—- B or x'(¢)=

the rate of Chunge is @ forchon.
&3 Changing
Toake cerivahve aaun.-.




“Higher Order Derivatives

2
%(%) = X . 20 riveinve




What does this mean??

N
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Pobihon (x) veloy by accel = 2:"
| Vs X4 _ |
= 2 - _d¥*x -
XLQ) - St 42‘“ ‘O" G.= dc d«b" -0
Vv Y,
. r__a.
4 j & o -
oS d\tﬂgﬂ V2 ine onst | Q. = ongr.
rige dmabio AR

Cate.
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TRY: twhe 3T+ 2% duriv.
x(e)> 20t
X (t) - -QoQ'b"




Derivatives of Other Functions

N

L/

DERIVATIVES OF OTHER FUNCTIONS:

Hmlsaplotof;in g vs. fover the interval 0 < 6 < 2. (6 is measured
in radians, but for reference, a few of the angles are shown in degrees.)

sin@
1 ,1L

90° 180° 2700 360°

4 L # (rad)
0 Y 53 ~N | ¥ P

S 4
&3
Lsin g
1
1 4 o2 3t | & [5 61| 7

- - ¥ o 0 (rad)
<3

d

Draw a sketch of ——(sin 6) in the space provided. To check your sketch,

dé

i(sina)"

de




Derivatives of Other Functions

N

Let’s try to guess the result for %’(ooe 0) from a plot of cos 6.

Draw a sketch ofga(eoe 6) in the space provided, and make a guess at

the result.
d "
d—ocos f=
cos 8
1 |
y.
"4
] 1 e
0 ,i. E g / y 2r
N
-1
|
£ (cos 0
1
] | | |
) : ¥ 2n ¢
-l

IVer—




Derivatives of Other Functions

N

Here is a plot of In x in terms of x. If your calculator provides In x, check

some of the points on this graph.

Inx
.3 el

Slope =
2 Slope = 3§ =\
| %

"~ Slope = 4

1 % | \

|Slope

=2

v 1 | 2 3 | @ 5 ST 2L T 8T *

-2




Derivatives of Other Functions

N

You can find the qualitative features of L (In x) by looking at the

dx

graph. For small values of x the derivative is large, and for large values of
x the derivative is small. In the figure above tangents are shown at a few

points, and their slopes are listed

—

Ya
2
5

in this table.

Slope

2
Yo
Y

10

Yio

Perhapeyouenngueutheformulafor%(lnx).'l‘rytoﬁllintheblank.

d
d—:(ln x) =




rDerivatives of Other Functions




Another way to picture derivatives:

N

Picture a

machine with

input and output " 1
i P [:}\fm/*lﬂ Y is the

output

X changes
and gives Function

input

turns input
into output

The derivative is the amount of
output change/ input change
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Another way to picture derivatives:

# For example, when f(x) = x2, the derivative is 2x.
What does it mean?

# If our input lever is at x = 10 and we wiggle it

slightly (moving it by dx=0.1 to 10.1), the output
should change by dy. How much, exactly?




Another way to picture derivatives:

N

# We know f'(x) = dy/dx = 2 x

# At x = 10 the “output wiggle per input wiggle” is = 2
* 10 = 20. The output moves 20 units for every unit
of input movement.

® Ifdx=0.1,thendy =20 *dx=20*.1=2

# And indeed, the difference between 102 and (10.1)2
is about 2.

= The derivative estimated how far the output lever would
move (a perfect, infinitely small wiggle would move 2 units).




Combinations of Functions
/Constant X Function

o Deriv. of constmat x fuachon °
Constant x clerty. of Fuachon.

x(6)* 36>  x'(¢)= [th

V(s)* Ysint V(&)= Y dermisint)
=




Combinations of Functions

fAddition / Subtraction

# Addition/Subtraction
h(z) = f(z) + g(z)

E‘\Hg"’ﬁ

#\What happens when the input (x)
changes?




Combinations of Functions

Addition / Subtraction

N

dh = df + dg

# The overall system has behavior dh

# From f’s perspective, it contributes dfto the whole [it
doesn't know about g]

# From g’s perspective, it contributes dg to the whole
[it doesn't know about f]




Combinations of Functions

rAddition / Subtraction

« 0env. of sum (or cifferene) of +wo
foavhons = SIm (or dift) of Hheir
derivenves.

V(e)T ti-4t  v'(¢)-

X(%)= € + sint  X'(¢):




Combinations of Functions
rProduct Rule

#® Product Rule




Combinations of Functions
/Product Rule

TP\QOOU CT Qw.,e

Fnd the dtrivat ye of the prodvet
OI—. 2 f\)f\uhm

V&) % w(x) |
Wan
t H express ad;‘_(w) e

of du
I + Y




Combinations of Functions
fProduct Rule

Pro .
M.

d

V)= v o v




Combinations of Functions
/Product Rule

B¢ Ao v (8 7)(x? +17x)

dx ° (X5+ 7)(.3.\14(7);. (x.r* ﬂx)(b‘x‘f)




Combinations of Functions
KProduct Rule

Ex
ax [(3)"‘7)(‘00 -N.‘Q]




Combinations of Functions
/Product Rule

= gx‘ [(,'Ux 43)@5)] -
(@x+3) (5x4) + 2x5]




Combinations of Functions
KProduct Rule




Combinations of Functions
Product Rule

N

# Input “x” changes by dx off in the distance. f changes by some amount
df (think absolute change, not the rate!). Similarly, g changes by its
own amount dg. Because f and g changed, the area of the rectangle
changes too.

# What's the area change from f’s point of view? Well, f knows he
changed by df, but has no idea what happened to g. From f’s
perspective, he’s the only one who moved and will add a slice of area
=df * g

# Similarly, g doesn't know how f changed, but knows he'll add as slice of
area “dg * f”




Combinations of Functions
Product Rule

N

# The overall change in the system (dh) is the two slices of area:

dh=f-dg+g-df

# Now, like our miles per gallon example, we “divide by dx" to
write this in terms of how much x changed:

dh . dgdf

Z n




Combinations of Functions

Product Rule

N

# But isn't there some effect from both f and g changing
simultaneously (df * dg)?

#® Yep. However, this area is an infinitesimal * infinitesimal (a
“2nd-order infinitesimal”) and invisible at the current level. It's a
tricky concept, but (df * dg) / dx vanishes compared to normal
derivatives like df/dx. We vary f and g indepdendently and
combine the results, and ignore results from them moving
together.




Combinations of Functions
Chain Rule

N

#\What is the derivative of a function
within a function?

N f(g(x))

A\\Ypy / 4 \\ 77

= " depends on “g”, and “g” depends on “x”

\\, 7/

= 'f” depends on “u”, and “u” depends on “x”
+ (“u” substitution method)




N

® f(gw) f(uw)
#Can call g(x) function

\\ 144

CHAIN RULE
ax  du

# In simple words: the derivative of the “inside”
function w/ respect to “x”, times the derivative of the
“outside” function w/ respect to “u” (the inside
function)




_E& Find -g'—: o 'F(X)‘: (x_““)z

detine o 2" funchon U=z x+x2

f(x)=vu®* v =xa+x?







9y = Y cos (x32)

'E o cos Vv




dy .

x

U

-12 % Sin (x3)




fWhat are derivatives used for?

#Slopes
= V,a in Physics
= Maxima and minima

Consiaer position funuhone

AW S Y e

Whet s true at+ +he mav. o min, point!




What are derivatives used for?

N

# A quantity reaches a max or min when
its derivative = zero !

#Ex: Position is at max or min when its
derivative (velocity) = 0
= Object tossed up in air, spaceship
= You will do this in calculus class !!




/What are derivatives used for?

» o
e MiN =
C

What Charecterizes & Mayx or min 7
Slepe of curve = 2ero !
.. Aerty = &

To Find @ Max or min seF derveg




rWhat are derivatives used for?

EX\ Find x valse Where fuachon
has & MmiNn.

f()g): X% + bx
£/00) 2




rWhat are derivatives used for?

EX: Whet vatue(s) give Maw or min?
f(x): &x + %
= 8x + 2x"
£x) -

#Note: to tell if it's @ max or min — look
at 2nd derivative.... Later, in calc.




Data and graph for x(t) = -5t2 =20t + 10

N

first derivative = x'(t) = v(t) = -10t + 20
maximum at t = 2 seconds

second derivative = x"(t) =v'(t) = a(t) =-10
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#® In the fall of 1972 President Nixon announced
that the rate of increase of inflation was
decreasing. This was the first time a sitting

president used the third derivative to advance
his case for reelection.

Mathematics Is an Edifice, Not a Toolbox,
Notices of the AMS, v. 43,no. 10, October 1996.
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#The slogan of the Lowe’s Home
Improvement company is
“Improving Home Improvement.”

# Do you see a derivative here??!1??




